Abstract. We give a differential-geometric construction of Calabi-Yau fourfolds by the 'doubling' method, which was introduced in [5] to construct Calabi-Yau threefolds. We also give examples of Calabi-Yau fourfolds from toric Fano fourfolds. Ingredients in our construction are admissible pairs, which were first dealt with by Kovalev in [11] . Here in this paper an admissible pair (X, D) consists of a compact Kähler manifold X and a smooth anticanonical divisor D on X. If two admissible pairs (X 1 , D 1 ) and (X 2 , D 2 ) with dim C X i = 4 satisfy the gluing condition, we can glue X 1 \ D 1 and X 2 \ D 2 together to obtain a compact Riemannian 8-manifold (M, g) whose holonomy group Hol(g) is contained in Spin(7). Furthermore, if the A-genus of M equals 2, then M is a Calabi-Yau fourfold, i.e., a compact Ricci-flat Kähler fourfold with holonomy SU(4). In particular, if (X 1 , D 1 ) and (X 2 , D 2 ) are identical to an admissible pair (X, D), then the gluing condition holds automatically, so that we obtain a compact Riemannian 8-manifold M with holonomy contained in Spin(7). Moreover, we show that if the admissible pair is obtained from any of the toric Fano fourfolds, then the resulting manifold M is a Calabi-Yau fourfold by computing A(M ) = 2.
INTRODUCTION
The purpose of this paper is to give a gluing construction and examples of Calabi-Yau fourfolds. In our previous paper [5] , we gave a construction of Calabi-Yau threefolds from two admissible pairs (X 1 , D 1 ) and (X 2 , D 2 ) with dim C X i = 3, so that an admissible pair (X, D) consists of a compact Kähler threefold X and an anticanonical K3 divisor D on X (see Definition 3.6). Also, we gave the 'doubling' construction as follows: If two admissible pairs (X 1 , D 1 ) and (X 2 , D 2 ) with dim C X i = 3 are identical to an admissible pair (X, D), then we can always construct a Calabi-Yau threefold by gluing together the two copies of X \ D. In this paper we shall apply this construction in complex dimension four, so that we shall consider admissible pairs (X, D) with dim C X = 4 and D an smooth anticanonical divisor on X. As in [5] , we use Kovalev's gluing technique in [11] , which was used to construct compact G 2 -manifolds. Also, we use Joyce's analysis on Spin(7)-structures [10] , while we used in [5] his analysis on G 2 -structures.
In our construction, we begin with two admissible pairs (X 1 , D 1 ) and (X 2 , D 2 ) with dim C X i = 4 as above. Then by the existence result of an asymptotically cylindrical Ricci-flat Kähler form on X i \ D i , each X i \ D i has a natural asymptotically cylindrical torsion-free Spin(7)-structure Φ i . Now suppose the asymptotic models (D i × S 1 × R + , Φ i,cyl ) of (X i \ D i , Φ i ) are isomorphic in a suitable sense, which is ensured by the gluing condition defined later (see Section 3.3.1). Then as in Kovalev's construction in [11] , we can glue together X 1 \ D 1 and X 2 \ D 2 along their cylindrical ends D 1 × S 1 × (T − 1, T + 1) and D 2 × S 1 × (T − 1, T + 1), to obtain a compact 8-manifold M T . Moreover, we can glue together the torsionfree Spin(7)-structures Φ i on X i \ D i to construct a d-closed 4-form Φ T on M T , which is projected to a Spin(7)-structure Φ T = Θ( Φ T ) with small torsion for sufficiently large T . Using the analysis on Spin(7)-structures by Joyce [10] , we shall prove that Φ T can be deformed into a torsion-free Spin(7)-structure for sufficiently large T , so that the resulting compact manifold M T admits a Riemannian metric with holonomy contained in Spin (7) . Since M = M T is simply-connected, the A-genus A(M ) of M is 1, 2, 3 or 4, and the holonomy group is determined as Spin (7), SU(4), Sp(2), Sp(1) × Sp(1) respectively (see Theorem 2.8).
Hence if A(M ) = 2, then M is a Calabi-Yau fourfold. For a given admissible pair (X 1 , D 1 ), it is difficult to find a suitable admissible pair (X 2 , D 2 ) with D 2 isomorphic to D 1 . In the three-dimensional case, if (X, D) is an admissible pair, then D is a K3 surface.
Thus D 1 and D 2 are at least diffeomorphic and so are the cylindrical ends of X 1 \ D 1 and X 2 \ D 2 which we glue together. Meanwhile in the four-dimensional case, the topological type of the Calabi-Yau divisor D for an admissible pair (X, D) varies with X. However, if (X 1 , D 1 ) and (X 2 , D 2 ) are identical to an admissible pair (X, D), then the gluing condition holds automatically. Therefore we can always construct a compact simply-connected Riemannian 8-manifold (M, g) with Hol(g) ⊆ Spin(7) by doubling an admissible pair (X, D) with dim C X = 4.
Beginning with a Fano n-fold V , Kovalev obtained an admissible pair (X, D) as follows. It is known that there exists a smooth anticanonical divisor D on V , which is a K3 surface when n = 3 and Calabi-Yau (n − 1)-fold when n 4. Let S be a complex (n − 2)-dimensional submanifold of D such that S represents the self-intersection class D · D in V . Then he showed that if X is the blow-up of V along S, then the proper transform of D in X (which is isomorphic to D and denoted by D again) is an anticanonical divisor on X with the holomorphic normal bundle N D/X trivial, so that (X, D) is the desired admissible pair. In [5] , we used Fano threefolds V in order to obtain admissible pairs (X, D) with dim C X = 3 in our doubling construction of Calabi-Yau threefolds. According to Mori-Mukai's classification of Fano threefolds, we gave 59 topologically distinct Calabi-Yau threefolds.
In the four-dimensional case, two problems arise in constructing Calabi-Yau manifolds by the doubling. The first is that we have no complete classification of Fano fourfolds. The second is that it is not easy to compute the A-genus A(M ) of the 'doubled' manifold M if we use an arbitrary Fano fourfold. Instead of considering all Fano fourfolds, we focus on the toric Fano fourfolds which are completely classified by Batyrev [1] and Sato [13] . Also, toric geometry enables us to compute A(M ) systematically. In fact, using the admissible pair obtained from any of the toric Fano fourfolds (124 types), we show that the doubled manifold M has A(M ) = 2, and hence M is a Calabi-Yau fourfold. With this construction, we shall give 69 topologically distinct Calabi-Yau fourfolds, whose Euler characteristics χ(M ) range between 936 and 2688.
This paper is organized as follows. Section 2 is a brief review of Spin (7)-structures. In Section 3 we establish our gluing construction of Calabi-Yau fourfolds from admissible pairs. The rest of the paper is devoted to constructing examples from toric Fano fourfolds. The reader who is not familiar with analysis can check Definition 3.6 of admissible pairs, go to Section 3.4 where the gluing theorems are stated, and then proceed to Section 4, skipping Section 2 and the rest of Section 3. In Section 4 we outline the quotient construction of toric varieties in 'Geometric Invariant Theory'. We also give a recipe for computing A(M ) in the proof of Proposition 4.4. Section 5 illustrates concrete examples of our doubling construction of Calabi-Yau fourfolds. Then the last section lists all data of the resulting Calabi-Yau fourfolds from toric Fano fourfolds.
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GEOMETRY OF Spin(7)-STRUCTURES
Here we shall recall some basic facts about Spin(7)-structures on oriented 8-manifolds. For more details, see [10] , Chapter 10.
We begin with the definition of Spin(7)-structures on oriented vector spaces of dimension 8. 
We call A(V ) the set of Cayley 4-forms (or the set of Spin(7)-structures) on V . On the other hand, Met(V ) is the set of positive-definite inner products on V , which is also a homogeneous space isomorphic
Now the group Spin (7) is defined as the isotropy of the action of GL(V ) (in place of
Then one can show that Spin (7) is a compact Lie group of dimension 27 which is a Lie subgroup of SO(V ) [8] . Thus we have a natural projection
so that each Cayley 4-form (or Spin(7)-structure) Φ ∈ A(V ) defines a positive-definite inner product g Φ ∈ Met(V ) on V .
Definition 2.2. Let V be an oriented vector space of dimension 8. If Φ ∈ A(V ), then we have the orthogonal decomposition (2.1)
Φ A(V ) with |α| gΦ < ρ . We choose and fix a small constant ρ so that any χ ∈ T (V ) is uniquely written as χ = Φ + α with α ∈ T ⊥ Φ A(V ). Thus we can define the projection Θ : 
Now we define Spin(7)-structures on oriented 8-manifolds.
Definition 2.4. Let M be an oriented 8-manifold. We define A(M ) → M to be the fiber bundle whose fiber over x is A(T *
, Φ is a smooth section of A(M ). If Φ is a Spin(7)-structure on M , then Φ induces a Riemannian metric g Φ since Φ| x for each x ∈ M induces a positive-definite inner product g Φ| x on T x M . A Spin(7)-structure Φ on M is said to be torsion-free if it is parallel with respect to the induced Riemannian metric g Φ , i.e., ∇ gΦ Φ = 0, where ∇ gΦ is the Levi-Civita connection of g Φ . Definition 2.5. Let Φ be a Spin(7)-structure on an oriented 8-manifold M . We define T (M ) be the the fiber bundle whose fiber over x is T (T *
Then for the constant ρ given in Definition 2.2, we have the well-defined projection Θ :
Lemma 2.6 (Joyce, Proposition 10.5.9). Let Φ be a Spin(7)-structure on M . There exist such that ǫ 1 , ǫ 2 , ǫ 3 independent of M and Φ, such that the following is true.
where p(η) is the linear term and F (η) is the higher order term in η, and for each
we have the following pointwise estimates for any
Here all norms are measured by g Φ .
The following result is important in that it relates the holonomy contained in Spin (7) with the d-closedness of the Spin(7)-structure. [12] , Lemma 12.4). Let M be an oriented 8-manifold. Let Φ be a Spin(7)-structure on M and g Φ the induced Riemannian metric on M . Then the following conditions are equivalent.
Theorem 2.7 (Salamon
(1) Φ is a torsion-free Spin(7)-structure, i.e., ∇ gΦ Φ = 0.
The holonomy group Hol(g Φ ) of g Φ is contained in Spin (7).
as (2.2). Setting φ = Φ − Φ and using d Φ = 0, we have dΘ(Φ + η) = −dφ + dp(η) − dF (η).
Thus the equation dΘ(Φ + η) = 0 for Θ(Φ + η) to be a torsion-free Spin(7)-structure is equivalent to (2.3) dp(η) = dφ + dF (η).
In particular, we see from Lemma 2.
Joyce proved by using the iteration method and dC
if φ is sufficiently small with respect to certain norms (see Theorem 3.12).
Theorem 2.8 (Joyce [10], Theorem 10.6.1). Let (M, g) be a Riemannian 8-manifold such that its holonomy group Hol(g) is contained in Spin(7). Then the
A-genus A(M ) of M satisfies (2.5) 48 A(M ) = 3τ (M ) − χ(M ),
where τ (M ) and χ(M ) is the signature and the Euler characteristic of M respectively. Moreover, if M is simply-connected, then A(M ) is 1, 2, 3 or 4, and the holonomy group of (M, g) is determined as
3. THE GLUING PROCEDURE 3.1. Compact complex manifolds with an anticanonical divisor. We suppose that X is a compact complex manifold of dimension n, and D is a smooth irreducible anticanonical divisor on X. We recall some results in [4] , Sections 3.1-3.2, and [5] , Sections 3.1-3.2.
Lemma 3.1. Let X and D as above. Then there exists a local coordinate system
, and
Next we shall see that X = X \ D is a cylindrical manifold whose structure is induced from the holomorphic normal bundle N = N D/X to D in X, where the definition of cylindrical manifolds is given as follows.
Definition 3.2. Let X be a noncompact differentiable manifold of real dimension r. Then X is called a cylindrical manifold or a manifold with a cylindrical end if there exists a diffeomorphism π : X \ X 0 −→ Σ × R + = { (p, t) | p ∈ Σ, 0 < t < ∞ } for some compact submanifold X 0 of dimension r with boundary Σ = ∂X 0 . Also, extending t smoothly to X so that t 0 on X \ X 0 , we call t a cylindrical parameter on X.
Let (x α , y α ) be local coordinates on V α = U α ∩ D, such that x α is the restriction of z α to V α and y α is a coordinate in the fiber direction. Then one can see easily that dx
on V α together yield a holomorphic volume form Ω D , which is also called the Poincaré residue of Ω along D. Let · be the norm of a Hermitian bundle metric on N . We can define a cylindrical parameter t on N by t = − 1 2 log s 2 for s ∈ N \ D. Then the local coordinates (z α , w α ) on X are asymptotic to the local coordinates (x α , y α ) on N \ D in the following sense. Lemma 3.3. There exists a diffeomorphism ϕ from a neighborhood V of the zero section of N containing t −1 (R + ) to a tubular neighborhood U of D in X such that ϕ can be locally written as
where we multiply all z α and w α by a single constant to ensure
Hence X is a cylindrical manifold with the cylindrical parameter t via the diffeomorphism ϕ given in the above lemma. In particular, when H 0 (X, O X ) = 0 and N D/X is trivial, we have a useful coordinate system near D. 
Admissible pairs and asymptotically cylindrical Ricci-flat Kähler manifolds.
Definition 3.5. Let X be a cylindrical manifold such that π :
where we regarded g cyl as a Riemannian metric on X \ X 0 via the diffeomorphism π. Also, we call (X, g) an asymptotically cylindrical manifold and (Σ × R + , g cyl ) the asymptotic model of (X, g). 
Then there exist a holomorphic volume form Ω and an asymptotically cylindrical Ricci-flat Kähler form ω on
is called a Calabi-Yau structure. The above theorem states that there exists a Calabi-Yau structure (Ω, ω) on X asymptotic to a cylindrical Calabi-Yau structure (Ω cyl , ω cyl ) on N D/X \ D if we multiply Ω by some constant.
3.3. Gluing admissible pairs. In this subsection we will only consider admissible pairs (X, D) with dim C X = 4. Also, we will denote N = N D/X and X = X \ D.
3.3.1. The gluing condition. Let (X, ω ′ ) be a four-dimensional compact Kähler manifold and (X, D) be an admissible pair. We first define a natural torsion-free Spin(7)-structure on X.
It follows from Theorem 3.7 that there exists a Calabi-Yau structure (Ω, ω) on X asymptotic to a cylindrical Calabi-Yau structure (Ω cyl , ω cyl ) on N \ D, which are written as (3.1) and (3.2). We define a Spin(7)-structure Φ on X by
Similarly, we define a Spin(7)-structure Φ cyl on N \ D by
Then we see easily from Theorem 3.7 and equations (3.3) and (3.4) that
Thus Φ and Φ cyl are both torsion-free Spin(7)-structures, and
Next we consider the condition under which we can glue together X 1 and X 2 obtained from admissible pairs (X 1 , D 1 ) and (X 2 , D 2 ). For gluing X 1 and X 2 to obtain a manifold with an approximating Spin(7)-structure, we would like (X 1 , Φ 1 ) and (X 2 , Φ 2 ) to have the same asymptotic model. Thus we put the following Gluing condition: There exists a diffeomorphism F :
between the cross-sections of the cylindrical ends such that
where
Lemma 3.8. Suppose that there exists an isomorphism
f : D 1 −→ D 2 such that f * κ D2 = κ D1 .
If we define a diffeomorphism F between the cross-sections of the cylindrical ends by
Then the gluing condition (3.6) holds, where we change the sign of Ω 2,cyl (and also the sign of Ω 2 correspondingly).
Proof. It follows by a straightforward calculation using (3.2) and (3.4).
3.3.2. Spin(7)-structures with small torsion. Now we shall glue X 1 and X 2 under the gluing condition (3.6).
and define
Setting an approximating Calabi-Yau structure (Ω i,T , ω i,T ) by
and similarly
we can define a d-closed 4-form Φ i,T on each X i by
Note that Φ i,T satisfies
and that
Let X 1,T = {t 1 < T + 1} ⊂ X 1 and X 2,T = {t 2 < T + 1} ⊂ X 2 . We glue X 1,T and X 2,T along D 1 × {T − 1 < t 1 < T + 1} ⊂ X 1,T and D 2 × {T − 1 < t 2 < T + 1} ⊂ X 2,T to construct a compact 8-manifold M T using the gluing map F T (more precisely,
1 , where ϕ 1 and ϕ 2 are the diffeomorphisms given in Lemma 3.3). Also, we can glue together Φ 1,T and Φ 2,T to obtain a d-closed 4-form Φ T on M T by Lemma 3.8. There exists a positive constant T * such that Φ T ∈ C ∞ (T (M T )) for any T with T > T * . This Φ T is what was discussed right after Theorem 2.7, and we can define a Spin(7)-structure Φ T with small torsion by
Then dφ T + dΦ T = 0.
Proposition 3.9. Let T ∈ (0, T * ). Then there exist constants
where all norms are measured using g ΦT .
Proof. These estimates follow in a straightforward way from Theorem 3.7 and equation (3.5) by arguments similar to those in [4] , Section 3.5. Thus it remains to prove the existence of a torsion-free Spin(7)-structure on M T for sufficiently large T . This is a consequence of the following Theorem 3.12 (Joyce [10] , Theorem 13.6.1). Let λ, µ, ν be positive constants. Then there exists a positive constant ǫ * such that whenever 0 < ǫ < ǫ * , the following is true. Let M be a compact 8-manifold and Φ a Spin(7)-structure on M . Suppose φ is a smooth 4-form on M with dΦ + dφ = 0, and
, and dφ L 10 λǫ 7/5 , (2) the injectivity radius δ(g) satisfies δ(g) µǫ, and
Let ǫ 1 be as in Lemma 2.6.
Hence the manifold M admits a torsion-free Spin(7)-structure Θ(Φ + η).
Since X 1 and X 2 are cylindrical, the injectivity radius and Riemann curvature of M T are uniformly bounded from below and above respectively, conditions (2) and (3) hold for sufficiently large T .
For condition (1), we set φ = φ T by equation (3.7) for T > T * . Choosing γ so that 0 < γ < 3 13 min { 1/2, √ λ 1 } and letting ǫ = e −γT , we see from Proposition 3.9 that condition (1) holds for some λ. Thus we can apply Theorem 3.12 to prove that Φ T can be deformed into a torsion-free Spin(7)-structure for sufficiently large T . This completes the proof of Theorem 3.10.
SOME RESULTS FROM TORIC GEOMETRY
In this section we give a quick review of some related results from toric geometry. A good reference for the contents of this section is [3] .
GIT construction of toric varieties.
Let M be a lattice of rank n, N = Hom(M, Z) the Z-dual of M. Let M R (resp. N R ) denote the R-vector space M ⊗ Z R (resp. N ⊗ Z R). Let ∆ be a fan in N R , and P ∆ the associated toric variety. Let ∆(1) denote the set of the 1-dimensional cones of ∆. To begin with, we shall construct P ∆ as a GIT quotient
for an appropriate reductive group G, an affine space C r and an exceptional set Z(∆) ⊆ C r with r = |∆(1)|. Throughout this section, we only consider n-dimensional toric varieties with no torus factors. For more details, see [2] , [3] , Chapter 5, and [6] , Chapter 12.
Let T N = N⊗ Z C * be the algebraic torus acting on P ∆ . The Orbit-Cone Correspondence gives a bijective correspondence between each ρ ∈ ∆(1) and an irreducible T N -invariant Weil divisor D ρ on P ∆ . It is wellknown that the T N -invariant Weil divisors on P ∆ form a free abelian group, which is denoted by Z ∆(1) . Let Div T (P ∆ ) denote the set of all T N -invariant Cartier divisors on P ∆ . Then Div T (P ∆ ) is a subgroup of Z ∆ (1) . Each ρ ∈ ∆(1) is given by the minimal generator u ρ ∈ ρ ∩ N. Recall that m ∈ M gives a character χ m : T N −→ C * which is a rational function on P ∆ , and its divisor is given by div(
by [7] , p. 63, where maps f and g are defined by
respectively. Note that the rows are exact and the vertical arrows are inclusion maps in (4.1). Since Hom Z ( · , C * ) is left-exact and C * is divisible, the bottom row in (4.1) induces an exact sequence of affine algebraic groups
We note that A n−1 (P ∆ ) is the character group of G (see [3] , p. 206). Introducing a variable x ρ for each ρ ∈ ∆(1), we define the total coordinate ring S(∆) of P ∆ by
Note that we have Spec(S(∆)) = C ∆(1) . A subset C ⊆ ∆(1) is said to be a primitive collection if the following conditions hold:
Let PC(∆) denote the set of all primitive collections of ∆. For a given primitive collection C ∈ PC(∆), we consider the subspace of C ∆(1)
Then the union of V(x ρ | ρ ∈ C) over all primitive collections gives the variety
, Cox gave the quotient construction of toric varieties, i.e., P ∆ is an (almost) geometric quotient for the action of G on C ∆(1) \ Z(∆). Thus we have
Then (4.2) and (4.3) induce a commutative diagram
where the vertical arrows are inclusion maps. Diagram (4.4) is consistent with the usual definition of toric varieties: A toric variety X is a normal irreducible algebraic variety containing a torus T N as a Zariski open subset such that the action of T N ∼ = (C * ) n on itself extends to an algebraic action of T N on X.
The grading of S(∆).
The homogeneous coordinate ring S(∆) of an n-dimensional toric variety P ∆ has a natural grading by the Chow group A n−1 (P ∆ ). In the bottom exact sequence of (4.1), a = (a ρ ) ∈ Z ∆ (1) maps to the divisor class
We denote S(∆) α the corresponding graded piece of S(∆) for α ∈ A n−1 (P ∆ ). Since A n−1 (P ∆ ) is the character group of G = Hom Z (A n−1 (P ∆ ), C * ), α ∈ A n−1 (P ∆ ) gives the character χ α : G −→ C * . Then the action of G on C ∆(1) induces an action of G on S(∆) through the character χ α . A polynomial f ∈ S(∆) α is said to be G-homogeneous of degree α.
Cohomology of toric complete intersections.
Hereafter we assume P ∆ is a smooth complete toric variety. Then it is easy to compute the cohomology ring of P ∆ as follows.
Let us fix an order of the rays ρ 1 , . . . , ρ r in ∆(1). As in Section 4.1, for a given ray ρ i ∈ ∆(1), let u i denote the minimal generator of ρ i and x i the corresponding variable. The Stanley-Reisner ideal of ∆ is the squarefree monomial ideal
Note that PC(∆) generates I ∆ . On the other hand, we consider the ideal J ∆ generated by linear combinations
where m runs over some basis of M. Since the ideal I ∆ + J ∆ is homogeneous in Z[x 1 , . . . , x r ] with respect to the grading defined in Section 4.2, the quotient
is a graded ring. If we coonsider the ring structure determined by the cup product on 
Now we can compute the Chern classes of smooth complete toric varieties using the following results.
Proposition 4.2 ([3], Proposition 13.1.2). We have
We use the following Noether's formula in order to compute the cohomology of complete intersections in P ∆ . Theorem 4.3 (Noether's formula). Let S be a complex 2-dimensional compact manifold and h p,q with p, q ∈ { 0, 1, 2 } be the Hodge numbers of S. Then we have
(4.5)
How to find A(M ).
According to the classification result of toric Fano fourfolds [1] , [13] , we can construct a Calabi-Yau fourfold by the doubling construction from any of the 124 types of toric Fano fourfolds. The proof of Proposition 4.4 is based on the computation of A(M ) one by one. Here is a procedure for calculating A(M ) by toric geometrical technique which we have already explained above.
(a) According to the classification result of toric Fano fourfolds due to Batyrev [1] and Sato [13] , there are 124 types of toric Fano fourfolds. A database of classifications of smooth toric Fano varieties is available at [15] . For a fixed 4-dimensional complete fan ∆ (which is also called a Fano polytope), find the primitive collection PC(∆) from the lists in [1] , [13] . Then Proposition 4.1 implies that
It is easy to compute the right hand side of (4.6) by PC(∆) and ∆(1). (b) Suppose that the total coordinate ring S(∆) of P ∆ is given by
Compute the Chern class c(S) (resp. c(D)) by Proposition 4.2 and the adjunction formula. Then the Euler characteristic χ(S) (resp. χ(D)) is determined by the Chern-Gauss-Bonnet formula (e) Using the Lefschetz hyperplane theorem and Poincaré duality, we can calculate H i (S) for i = 2. In order to find h 0,2 (S) and h 1,1 (S), we use Nother's formula (4.5). Since the Euler characteristic is also given by χ(S) = p,q (−1) p+q h p,q (S), we can check the consistency of the values of h p,q (S). (f) Calculate τ (S) by the Hodge index theorem
(g) Let ̟ : X P ∆ be the blow-up of P ∆ along the complex surface S. Taking the proper transform of D under the blow-up ̟, we still denote it by D. Then χ(X) is given by the formula
where E is the exceptional divisor of the blow-up ̟. Since E is a CP 1 -bundle over S, we have
It is easy to compute χ(P ∆ ) using toric geometry. Thus, (4.9) and the results of (c) give χ(M ). (h) Similarly, τ (X) is given by the formula
as the exceptional divisor has no contribution to τ (X). Thus we have
(4.10)
We remark that b 2p (P ∆ ) = h p,p (P ∆ ) and b 2p+1 (P ∆ ) = 0 hold by [3] , Theorem 9.3.2. Then we compute τ (P ∆ ) using the Hodge index theorem and [7] , p. 92. Substituting τ (S) in (4.8) and τ (P ∆ ) into (4.10) gives τ (M ). (i) Substituting χ(M ) and τ (M ) into (2.5), we conclude A(M ) = 2. Section 5 illustrates good examples of these computations.
EXAMPLES
We shall compute A(M ) using the classification of toric Fano fourfolds [1] , [13] .
Example 1 (CP 4 ). Let ∆ be the complete fan in N R ∼ = R 4 whose 1-dimensional cones are given by ∆(1) = { ρ 1 , ρ 2 , ρ 3 , ρ 4 , ρ 5 } where ρ 1 = Cone(e 1 ), ρ 2 = Cone(e 2 ), ρ 3 = Cone(e 3 ), ρ 4 = Cone(e 4 ), and ρ 5 = Cone(−e 1 − e 2 − e 3 − e 4 ).
Then the associated toric variety is CP 4 and PC(∆) = { { ρ 1 , ρ 2 , ρ 3 , ρ 4 , ρ 5 } } (see [1] , [13] ). Hence the Stanley-Reisner ideal I ∆ is given by x 1 x 2 x 3 x 4 x 5 . Then Proposition 4. Remark that b 1 (S) = 0 as S is simply-connected. In order to find the cohomology of the middle dimension H p,q (S) (p + q = 2), we will use Noether's formula as follows. Since h 0,0 (S) = 1 and h 0,1 (S) = 0, Theorem 4. 
TABLE OF EXAMPLES FROM TORIC FANO FOURFOLDS
In the following table we give the list of all Calabi-Yau fourfolds constructed in Proposition 4.4. In the table below 'ID' denotes the database ID in [15] , and (χ(M ), τ (M )) denotes the pair of the Euler characteristic and the signature of the resulting Calabi-Yau fourfold M . In the last column we indicate the same notation of toric Fano fourfolds as in [1] and [13] . 
